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RELATIVE COMPLETIONS AND THE COHOMOLOGY
OF LINEAR GROUPS OVER LOCAL RINGS
KEVIN P. KNUDSON
For a discrete group G there are two well-known completions. The
first is the Malcev (or unipotent) completion. This is a prounipotent
group U , defined over Q, together with a homomorphism ψ : G →
U that is universal among maps from G into prounipotent Q-groups.
To construct U , it suffices to consider the case where G is nilpotent;
the general case is handled by taking the inverse limit of the Malcev
completions of the G/ΓrG, where Γ•G denotes the lower central series
of G. If G is abelian, then U = G⊗Q. We review this construction in
Section 2.
The second completion of G is the p-completion. For a prime p, we
set G∧p = lim←−G/Γ
r
pG, where Γ
•
pG is the p-lower central series of G. If
G is a finitely generated abelian group, then G∧p = Zp ⊗ G, where Zp
is the ring of p-adic integers [3]. The group G∧p is a pro-p-group and
each G/ΓrpG is nilpotent provided H1(G,Fp) is finite dimensional.
Both of these completions are instances of a general construction. Let
k be a field. The unipotent k-completion of a group G is a prounipotent
k-group Uk together with a homomorphism G → Uk. The group Uk
is required to satisfy the obvious universal mapping property. The
Malcev completion is the case k = Q and the p-completion is the case
k = Fp. This construction for other fields k is probably well-known to
the experts, but it does not seem to be in the literature.
One reason to study such completions is that they may be used to
gain cohomological information about the groups G and U . Indeed,
the restriction map H2cts(U , k) → H
2(G, k) is injective (the definition
of H2cts will be recalled below). This allows one to obtain either a lower
bound for dimkH
2(G, k) or an upper bound for dimkH
2
cts(U , k).
Unfortunately, the group Uk may be trivial (e.g., G perfect, or more
generally, if H1(G, k) = 0). To circumvent this, Deligne suggested the
notion of relative completion. Suppose that ρ : G→ S is a representa-
tion of G in a reductive group S defined over k. Assume that the image
of ρ is Zariski dense. The completion of G relative to ρ is a proalgebraic
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group G over k which is an extension of S by a prounipotent group U
together with a map G → G. The group G should satisfy the obvious
universal mapping property.
The basic theory of relative completion in characteristic zero was
worked out by R. Hain[6]. Many of his results remain valid in positive
characteristic. We shall review this in Section 4 below. For examples
of relative completions in characteristic zero beyond those presented
here, the reader is referred to Hain’s study [6] of the completion of the
mapping class group Γg,r of a surface S of genus g with r marked points
relative to its symplectic representation as the group of automorphisms
of H1(S,Z). Other examples, due to the author [12], are the groups
SLn(Z[t]) and SLn(Z[t, t
−1]) relative to their obvious representations
in SLn(Z). Recent work by Hain and M. Matsumoto [7] tackles the
absolute Galois group Gal(Q/Q) relative to the cyclotomic character
χ : Gal(Q/Q)→ Z×ℓ .
In this paper we study the completions of groups such as SLn(OX,x),
where OX,x is the local ring of a closed point x on a smooth affine curve
X . We also study the completion of SLn(Z) relative to the reduction
map SLn(Z) → SLn(Fp). We use these completions to compute the
second continuous cohomology of special linear groups over complete
local rings. A sample result is the following.
Theorem 5.5. If k is a finite field or a number field, then for all
n ≥ 3, H2cts(SLn(k[[T ]]), k) = 0.
As far as the author knows, this is the first calculation of continuous
cohomology with coefficients of the same characteristic as k.
This paper is organized as follows. In Section 1, we review Hain’s
construction of the completion of ρ : G → S. In Section 2, we discuss
in detail the case where S is the trivial group; this is the unipotent
completion mentioned above. In Section 3, we present several exam-
ples of unipotent completions. Section 4 deals with the basic theory
of relative completion and the computation of examples. Finally, in
Section 5 we carry out some cohomology calculations.
Acknowledgements. I would like to thank Dick Hain and Chuck Weibel
for many useful discussions. I am also grateful to the referee for insist-
ing that I not omit so many details.
1. A Construction of the Relative Completion
The following construction is due to R. Hain [6]. Let G be a group
and suppose that ρ : G → S is a Zariski dense representation in a
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reductive k-group S. Consider all commutative diagrams of the form
1 // U // E // S // 1
G
ρ˜
OO
ρ
??
where E is a linear algebraic group over k, U is a unipotent subgroup
of E, and the image of ρ˜ is Zariski dense. It is clear how to define
morphisms of such diagrams. Moreover, the collection of such diagrams
forms an inverse system [6], Prop. 2.1. The completion G of G relative
to ρ is defined to be the inverse limit
G = lim←−E
over all the above commutative diagrams. The kernel of the map G → S
will be called the prounipotent radical of G.
The group G satisfies the following universal mapping property [6],
Prop. 2.3. Suppose that E is a proalgebraic group over k and that
E → S is a homomorphism of proalgebraic groups with prounipotent
kernel. If φ : G → E is a map whose composition with E → S is ρ,
then there is a unique map Φ : G → E in the category of proalgebraic
k-groups such that the diagram
G
Φ

>
>>
>>
>>
G
??
φ ?
??
??
??
S
E
??
commutes.
2. Unipotent Completion
The unipotent completion of a group is the case where S is the trivial
group. The following construction of the unipotent completion is due
to D. Quillen [15], although he considered only the characteristic zero
case.
Let k be a field. For a group G, denote by Jk the augmentation
ideal of the group ring kG; i.e., Jk is the kernel of the map ε : kG→ k
defined by ε(g) = 1. The map g 7→ (g−1)+J2k induces an isomorphism
H1(G, k)
∼=
−→ Jk/J
2
k .
Denote by kG∧ the completed algebra
kG∧ = lim←− kG/J
l
k;
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it is a complete Hopf algebra (kG is a Hopf algebra via ∆(g) = g⊗ g).
Denote the completion of Jk by Jˆk.
Consider the set of grouplike elements
P = {x ∈ kG∧ : ∆(x) = x⊗ x, ε(x) = 1}.
This is a subgroup of the group of units of kG∧. Define a filtration of
P by
P l = P ∩ (1 + Jˆ lk)
and set
Pl = P/P
l+1.
Observe that [P i,Pj ] ⊆ P i+j .
Lemma 2.1. If H1(G, k) is finite dimensional, then Pl may be given
the structure of a linear algebraic group over k.
Proof. Since H1(G, k) is finite dimensional and the graded algebra
Gr•
Jˆ
kG∧ =
⊕
i≥0
Jˆ ik/Jˆ
i+1
k
is generated by
Gr1
Jˆ
kG∧ = Jˆk/Jˆ
2
k
∼= H1(G, k),
the quotient algebra kG∧/Jˆ l+1k is a finite dimensional k-algebra. Define
a homomorphism ϕ : P → Aut(kG∧/Jˆ l+1k ) by ϕ(x)(u) = xu. Since the
elements of P l+1 act trivially on kG∧/Jˆ l+1k , we have an induced embed-
ding ϕ : Pl → Aut(kG
∧/Jˆ l+1k ). This endows Pl with the structure of
an algebraic group over k. Since Pl consists of those x satisfying the
polynomial conditions ε(x) = 1 and ∆(x) = x ⊗ x, we see that ϕ(Pl)
is a closed subvariety of Aut(kG∧/Jˆ l+1k ).
Recall that an algebraic group U ⊂ GL(V ) over k is called unipotent
if there is a filtration
V = V 0 ⊃ V 1 ⊃ · · · ⊃ V m ⊃ 0
of V such that each element of U acts trivially on the quotients V i/V i+1.
We claim that each Pl is unipotent. To see this, note that we have a
filtration of kG∧/Jˆ l+1k by powers of Jˆk:
kG∧/Jˆ l+1k ⊃ Jˆk/Jˆ
l+1
k ⊃ · · · ⊃ Jˆ
l
k/Jˆ
l+1
k ⊃ 0.
If g ∈ Pl, then g− 1 ∈ Jˆk and hence (g− 1)Jˆ
i
k ⊆ Jˆ
i+1
k . Thus, if x ∈ Jˆ
i
k,
we have gx = x+ v for some v ∈ Jˆ i+1k ; i.e., g acts trivially on
Jˆ ik/Jˆ
i+1
k
∼= (Jˆ ik/Jˆ
l+1
k )/(Jˆ
i+1
k /Jˆ
l+1
k ).
RELATIVE COMPLETIONS AND COHOMOLOGY 5
Thus, Pl is a unipotent group over k. As such, it is isomorphic to a
subgroup of some Un(k) ([2], p. 87), the subgroup of GLn(k) consisting
of upper triangular matrices with 1’s on the diagonal. In particular,
each Pl is nilpotent.
We shall need the following fact about nilpotent groups.
Lemma 2.2. Let f : M → N be a homomorphism of nilpotent groups
such that the induced map f∗ : H1(M,Z) → H1(N,Z) is surjective.
Then f is surjective.
Proof. Denote by Γ•M and Γ•N the lower central series of M and N ,
respectively. Consider the induced map of associated graded algebras
Gr(f) : Gr•ΓM −→ Gr
•
ΓN,
where Gr•ΓG =
⊕
i≥1 Γ
iG/Γi+1G. This algebra is a Lie algebra over
Z with bracket induced by the commutator in G. Note that as an
algebra Gr•ΓG is generated by Gr
1
ΓG = G/Γ
2G = H1(G,Z). Consider
the commutative diagram
(Gr1ΓM)
⊗l

f⊗l∗ // // (Gr1ΓN)
⊗l

GrlΓM
Grl(f)
// GrlΓN.
Since f⊗l∗ is surjective by hypothesis and the vertical arrows are also
surjective, we see that Grl(f) is surjective.
Now, say that Γm+1M = {1}, but ΓmM 6= {1}. Then since Grl(f) is
surjective for all l, we must have Γm+1N/Γm+2N = 0; that is, Γm+1N =
Γm+2N . This can occur only if Γm+1N = {1} (since N is nilpotent).
Consider the commutative diagram
1 // ΓmM //
Grm(f)

Γm−1M //

Grm−1M
Grm−1(f)

// 0
1 // ΓmN // Γm−1N // Grm−1N // 0
This shows that Γm−1M surjects onto Γm−1N . A simple induction then
shows that f :M → N is surjective.
Now, let G be a group with H1(G, k) finite dimensional. We have an
inclusion G → kG. Composing with the completion map kG → kG∧
gives a map G→ kG∧. The image of this map lies in P and hence for
each l there is a homomorphism G→ Pl. We claim that P = lim←−Pl is
the unipotent k-completion of G. Before proving this, we establish a
few facts about the groups P and Pl.
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Recall the filtration P• of P defined by
P i = P ∩ (1 + Jˆ ik).
This induces a filtration on each Pl:
Pl = P/P
l+1 ⊃ P2/P l+1 ⊃ · · · ⊃ P l/P l+1 ⊃ {1}.
Denote the ith term P i/P l+1 by Li.
Let us determine the structure of the graded algebra
Gr•P =
⊕
i≥1
P i/P i+1.
Lemma 2.3. There is an isomorphism
Gr•P
∼=
−→
⊕
i≥1
Jˆ ik/Jˆ
i+1
k .
Proof. For each i, define a map pi : P
i → Jˆ ik/Jˆ
i+1
k by
pi(x) = (x− 1) + Jˆ
i+1
k .
The map pi is a homomorphism since
pi(xy) = (xy − 1) + Jˆ
i+1
k
= (x− 1) + (y − 1) + (x− 1)(y − 1) + Jˆ i+1k
= (x− 1) + (y − 1) + Jˆ i+1k
= pi(x) + pi(y).
The kernel of pi is precisely the subgroup P
i+1. We therefore have an
induced injection
pi : P
i/P i+1 −→ Jˆ ik/Jˆ
i+1
k .
We claim that the map pi is also surjective. To see this, consider the
composite
H1(G, k) −→ H1(P, k) −→ P/P
2 p1−→ Jˆk/Jˆ
2
k
(the map H1(P, k) → P/P
2 is the quotient map (P/Γ2P) ⊗ k →
P/P2). This composite is clearly the canonical isomorphismH1(G, k)
∼=
→
Jˆk/Jˆ
2
k . It follows that the map p1 is surjective. Now consider the com-
mutative diagram
(P/P2)⊗i
p⊗i
1 //

(Jˆk/Jˆ
2
k)
⊗i
ψ

P i/P i+1
pi // Jˆ ik/Jˆ
i+1
k
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Since ψ is surjective and pi is injective, a diagram chase shows that pi
is surjective.
Lemma 2.4. The homomorphism G → Pl induces an isomorphism
H1(G, k)
∼=
→ H1(Pl, k).
Proof. Recall the filtration L• of Pl defined by L
i = P i/P l+1. By
Lemma 2.3, the graded quotients satisfy Li/Li+1
∼=
→ Jˆ ik/Jˆ
i+1
k . Hence,
the algebra Gr•LPl is generated by Gr
1Pl ∼= P/P
2.
We have the commutative diagram
(Pl/Γ
2Pl)
⊗i // //

(P/P2)⊗i

ΓiPl/Γ
i+1Pl
ϕ // Li/Li+1
The top horizontal arrow is surjective since Γ2Pl ⊆ L
2, and the vertical
arrows are surjective since the algebras Gr•ΓPl and Gr
•
LPl are generated
by Gr1. It follows that the map ϕ is surjective.
We have an exact sequence
ΓiPl/Γ
i+1Pl
ϕ
−→ Li/Li+1 −→ Li/Li+1ΓiPl −→ 0.
Since ϕ is surjective, we see that Li = Li+1ΓiPl. This implies that
Li = Li+mΓiPl for all m ≥ 1. But since L
l+1 = {1}, we see that
Li = ΓiPl for all i. In particular, H1(Pl, k) ∼= Jˆk/Jˆ
2
k . Thus we have the
commutative diagram
H1(G, k) //
∼= &&MM
MM
MM
MM
MM
H1(Pl, k)
∼=

Jˆk/Jˆ
2
k
which shows that the mapH1(G, k)→ H1(Pl, k) is an isomorphism.
Lemma 2.5. If H1(G, k) is finite dimensional, then the image of the
map G→ Pl is Zariski dense.
Proof. Denote by Zl the Zariski closure of the image of G in Pl. Since
the composite
H1(G, k) −→ H1(Zl, k) −→ H1(Pl, k)
is an isomorphism (Lemma 2.4), the map H1(Zl, k) → H1(Pl, k) is
surjective. Note that if U is a unipotent group over k, then H1(U,Z) =
U/[U, U ] is an abelian k-group and hence H1(U,Z) ∼= H1(U, k). Lemma
2.2 implies that the map Zl → Pl is surjective; that is, Zl = Pl.
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Proposition 2.6. If H1(G, k) is finite dimensional, then the map G→
P is the unipotent k-completion.
Proof. Note that P = lim←−Pl is a prounipotent group over k and that
the image of G in P is Zariski dense. Denote by U the unipotent k-
completion of G. By the universal mapping property, there is a unique
map ϕ : U → P making the diagram
G //
@
@@
@@
@@
U
ϕ

P
commute. We show that ϕ is an isomorphism.
Since the map G → P has Zariski dense image, so does the map
U → P. It follows that ϕ is surjective since ϕ(U) is a closed subgroup
of P [2], p. 47.
To see that ϕ is injective, suppose that U is a unipotent group over k.
Then U is a subgroup of some Un ⊂ GLn(k) for some n (here, Un is the
subgroup of upper triangular unipotent matrices). A representation
p : G → U induces a ring homomorphism p˜ : kG → gln(k) defined by
p˜(
∑
αgg) =
∑
αgp(g). The image of Jk under p˜ lies in the subalgebra
n of nilpotent upper triangular matrices. Thus, the kernel of p˜ contains
Jnk and hence p˜ induces a map
p : kG/Jnk −→ gln(k).
Since p˜(Jk) ⊆ n, we see that Pn−1 ⊆ 1 + Jk/J
n
k is contained in Un.
If the image of G is Zariski dense in U , then Pn−1 ⊆ U . Thus, the
diagram
G //
p
""D
DD
DD
DD
DD
Pn−1

U
commutes. Now, U = lim←−Uα, with each Uα unipotent over k. Applying
the above construction to the compositions G→ U → Uα, we see that
ϕ is injective as follows. If ϕ(u) = 1, then ϕ(u) maps to 1 in each Pn−1.
But the diagram
U //
ϕ

Uα u //

uα
P // Pn−1
OO
ϕ(u) = 1 // 1
OO
shows that uα = 1 for each α; i.e., u = 1.
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Corollary 2.7. If k ⊂ F is a field extension, then the map UF →
Uk(F ) is an isomorphism.
Proof. The group UF is the set of grouplike elements in FG
∧. On
the other hand, the group Uk(F ) is the set of grouplike elements of
kG∧ ⊗ F = FG∧.
Proposition 2.8. The map G→ P induces an isomorphism
H1(G, k)
∼=
→ H1(P, k).
Proof. Let A be a k-vector space with basis {ei}
n
i=1. Then we have a
bijection
Homgroups(G,A) = Homk-vect. sp.(H1(G, k), A).
On the other hand, if
∑
αiei is a vector in A, the map
∑
αiei 7→


1 α1 α2 · · · αn
0 1 0 · · · 0
...
. . .
...
1 0
0 0 · · · 0 1


identifies A as a unipotent group over k. The universal mapping prop-
erty of unipotent completion then provides a bijection
Homgroups(G,A) = Homk-vect. sp.(H1(P, k), A);
that is, H1(G, k) and H1(P, k) both represent maps of G into A. It
follows that the natural map H1(G, k)→ H1(P, k) is an isomorphism.
3. Examples of Unipotent Completions
3.1. G = Z. Let k be a field. The group algebra kG is the ring of
Laurent polynomials k[t, t−1]. The augmentation ideal is principal and
is generated by t − 1. The completion kG∧ is the power series ring
k[[T ]] with augmentation T 7→ 0; the ideal Jˆk is the principal ideal (T ).
The canonical map kG→ kG∧ sends t to 1+T . If k has characteristic
zero, then P = {(1+T )α : α ∈ k}, where (1+T )α = exp(α log(1+T )).
Also, P ∩ (1 + Jˆ lk) = {1} for l ≥ 2 and hence P = Pl for all l. Thus,
P ∼= k ∼= k ⊗Z G, as one would expect.
Let us realize each Pl as a group of matrices over k. The group Pl
is a subgroup of Aut(kG∧/Jˆ l+1k ) acting via left multiplication. In this
case P ∼= Pl for each l. The element (1 + T )
α ∈ P is the power series
1 + αT + (
α2
2
−
α
2
)T 2 + (
α
3
−
α2
2
+
α3
6
)T 3 + · · · .
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With respect to the basis 1, T, T 2, . . . , T l of k[[T ]]/(T l+1), this element
acts via the lower triangular matrix

1 0 0 · · · 0
α 1 0 · · · 0
c2(α) α 1 · · · 0
...
. . .
...
cl−1(α) α 1 0
cl(α) cl−1(α) · · · c2(α) α 1


where ci(α) is the coefficient of T
i in the power series (1 + T )α. Thus,
we have realized P ∼= k as a closed subgroup of Aut(kG∧/Jˆ l+1k ).
If k = Fp, then the situation is much different. Since (1 + T )
p =
1 + T p ∈ 1 + Jˆpk , we see that 1 + T has finite order in each Pl =
P/P ∩ (1+ Jˆ l+1k ). In fact, 1+T has order p
d in Ppd,Ppd+1, . . . ,Ppd+1−1.
Note also that the maps Z → Pl are surjective since there are no
proper Zariski dense subgroups of an Fp-group (the Zariski topology is
discrete). Each of the homomorphisms
Ppd ←− Ppd+1 ←− · · · ←− Ppd+1−1
is the identity Z/pd → Z/pd. It follows that P = lim←−Pl
∼= Zp. Thus,
P ∼= Zp ⊗Z G.
Note that this must be correct. If one hoped that the answer were
Fp ∼= Fp ⊗Z G, then the universal mapping property would imply the
existence of a nontrivial homomorphism Fp → Zp.
Let us make the case p = 2 explicit. The group Pl is a subgroup
of Aut(kG∧/Jˆ l+1k ), acting as left multiplication by elements of P. We
shall write down the coordinate rings of the first few Pl. Note that
with respect to the basis 1, T, T 2, . . . , T l of k[[T ]]/(T l+1), the element
1 + T acts via the lower triangular (l + 1)× (l + 1) matrix


1 0 0 · · · 0
1 1 0 · · · 0
0 1 1 · · · 0
. . .
. . .
1 0
0 0 · · · 1 1


.
For l = 1, this matrix has order 2. The coordinate ring of P1 is
O(P1) = F2[T11, T12, T21, T22]/(T12, T11 − 1, T22 − 1).
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For l = 2, 3, the above matrix has order 4. The coordinate ring of P2
is
O(P2) = F2[Tij , 1 ≤ i, j ≤ 3]/(Tij, i < j;Tii − 1;T21 − T32),
and that of P3 is
O(P3) = F2[Tij , 1 ≤ i, j ≤ 4]/I,
where I is the ideal generated by Tij , i < j;Tii − 1;T21 − T32;T32 −
T43;T31 − T42;T21 − T41. Note that each of these is a two-dimensional
F2-algebra. For l = 4, the matrix representing 1 + T has order 8. The
coordinate ring of P4 is
O(P4) = F2[Tij , 1 ≤ i, j ≤ 5]/I
where I is the ideal generated by Tij , i < j;Tii − 1;T21 − T41;T21 −
T32;T32 − T43;T43 − T54;T31 − T42;T42 − T53;T41 − T52. It is a three-
dimensional F2-algebra. To obtain the F2d-unipotent completion of Z,
we take the inverse limit of the groups HomF2(O(Pl),F2d).
3.2. G = Z/n. Here the group algebra is kG = k[t]/(tn − 1); the
augmentation ideal is Jk = (t − 1). If k has characteristic zero, then
since
(t− 1)2 = t2 − 2t + 1
= tn + t2 − 2t
= t(tn−2 + · · ·+ t+ 2)(t− 1),
and since both t and tn−2+ · · ·+ t+2 are units in kG, we have J2k = Jk.
Thus, the completion kG∧ is the algebra lim←− kG/J
l
k = k. The only
grouplike element is 1, and hence the unipotent k-completion is trivial.
If k = Fp, then we must consider separately two cases. First assume
that p is prime to n. In this case, the above factorization shows again
that kG∧ = k and that P = 1. If p divides n, then we may assume
that n = pd for some d ≥ 1 (note that the completion of G×H is the
product of the completions of G and H). In this case we have Jp
d
= 0
since (1 − t)p
d
= (1 − tp
d
) = (1 − tn) = 0. Thus, kG∧ ∼= kG and P is
the collection of the ti, 0 ≤ i ≤ pd. This group is Z/pd.
In the characteristic zero case, then, we see that the completion of
Z/n is Z/n⊗Zk and in the characteristic p case it is Z/n⊗ZZp. So, if G
is a finitely generated abelian group, the Q-completion of G is G⊗Z Q
and the Fp-completion is G⊗Z Zp.
